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Abstract- -Vertex deletion is a well-known NP-complete problem. An empirical method for esti- 
mating the number of vertices that need to be deleted to make a graph bipartite is presented. The 
estimator has been developed by modelling the problem using random graphs where an edge is present 
with a fixed probability p. The method works in O(n 2) time, where n is the number of vertices in 
the graph. The estimator has been experimented onseveral randomly generated graphs. The results 
indicate that the estimator gives accurate results for graphs of various izes. 
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1. INTRODUCTION 
Given a graph, it is easy to test whether or not the graph is bipartite. If the graph is not bipartite, 
then it may be rendered so by deleting some of its edges or vertices. These are, respectively, the 
problems of edge deletion and vertex deletion. Both are NP-complete problems [1-3]. In this 
paper, we present an estimator to estimate the number of vertices that may have to be deleted to 
render a graph bipartite. Although such an estimator does not give us a solution to the problem, 
it is nevertheless useful because it does give us an estimate of the cost of the solution. This is 
useful in some design environments [4] where the quality of a partial design is determined by the 
solution to a vertex deletion problem and the associated cost. The design may involve making 
decisions leading to numerous instances of the vertex deletion problem. Since it is expensive to 
find an actual solution, it is useful to be able to estimate the cost of the solution and solve a 
small number of problems whose cost estimates are favourable. 
We model the problem using random graphs. We consider andom graphs of the type Gn,p. 
Gn,p denotes a class of graphs which have n vertices, and the probability that an edge will be 
present between any two vertices is p. We have used an empirical technique to estimate the 
minimum number of vertices to be deleted. This is based on the number of expected bipartite 
of random graphs Gn,p, which is explained in the next section. The construction of the estimate 
is presented in Section 3, followed by the experimental results and conclusions in the following 
sections. 
2. EXPECTED NUMBER OF B IPART ITE  PART IT IONS 
By definition, the expected number of vertices E(d) to be deleted to render graphs of the type 
Gn,p bipartite is 
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n-2  
E(d) = Z iP(i, n, p), 
i=O 
where P(i, n,p) is the probability that deletion of i vertices will make Gn,p bipartite. We do not 
attempt o find an analytic expression for P(i, n, p) because of the complexity involved. Instead 
we take an alternative approach to estimate E(d). 
Consider the graph G(n,p), with n vertices and each of the (~) edges being present with 
probability p. Let q - (1 - p) be the probability that the edge is absent. In general, this graph 
will not be bipartite. We wish to consider a subgraph of G containing m of the n vertices, which 
will be bipartite. This subgraph being bipartite, there will be at least one partition of these m 
vertices into two independent sets, an independent set being a set of vertices without an edge 
between any pair of vertices. Consider the possible bipartitioning of such a set of m vertices 
of the graph G. Let k vertices be in one partition and (m - k) remaining vertices in the other 
partition. Let the remaining d vertices, where m + d = n, be denoted by the set D. We would 
like to estimate d = [D I when D represents he minimal number of vertices to be deleted to make 
G(n,p) bipartite. Unless D is minimal, some of the vertices in D may be easily augmented to 
one the two sets, and a smaller number of vertices would have to be deleted. This would make 
the estimate quite useless. 
Let 1 = [m/2J. Using the probability of an edge being absent between a pair of vertices from 
both these partitions, we compute two quantities 81 and $2 such that: 
81 = 
Lm/2j-1 (m~qk(k-1)/2+(m-k)(m-k-1)/2(1--qk)(1--q(m-k)) d 
\ k J  k----1 
S1 represents he expected number of bipartite partitions of m vertices when k are in one partition 
and m - k are in the other, k = 1. . .  Lm/2J - 1, and 
S2=(7)ql(l-1)/2+(m-l)(m-'-Z)/2(1--q')(1--q(m-l))d ' 
82 represents he expected number of bipartite partitions of m vertices when l are in one partition 
and m - l are in the other. $2 is computed separately to avoid double counting when m is even. 
The expected number of bipartite partitions of G(m, p) is 
Sl -~ 82, if m is odd, 
N,~,p = 82 
81 "4" "~-, if m is even. 
For G(n,p), the expected number of bipartite partitions if d vertices are deleted at random is 
n N Mn,p,d= (d) n-d,p. 
3. EST IMATION OF  MIN IMUM NUMBER 
OF  VERTEX DELETED 
Consider the minimum value of d for which Mn,p,d = b _> 1. Suppose that b ~ 1. If d vertices are 
deleted from a graph G(n,p), on an average the number of bipartite partitions will be b. Some 
of these graphs will actually have more than b bipartite partitions. Let there be a particular 
graph G1, of the type G(n,p), with L >> b bipartite partitions, when d vertices are deleted from 
it. The presence of such a graph would tend to drive the expected number of bipartite partitions 
to some value b ~ > b. To balance this effect here must be approximately L - 1 graphs of the type 
G(n,p), for which the number of bipartite partitions is zero, which may be associated with G1 
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so that the average number of bipartite partitions is restored to b. These graphs, which have 
no bipartite partition, will require more than b vertices to be deleted. On an average, therefore, 
at least b vertices will have to be deleted from each graph of the type G(n, p). Thus, d chosen 
according to the above criterion serves as a lower bound on the average number of vertices to be 
deleted to render a graph G(n,p) bipartite. This is a pessimistic estimator, we call this the lower 
bound estimate. 
It is desirable to have a value of d which will serve as a more pragmatic estimate of the expected 
number of vertices to be deleted to make a graph G(n,p) bipartite. Such a pragmatic estimate 
has been designed empirically as follows: let B1 = Mn,p,d, for the minimum value of d such that 
B1 _> 1. Let B2 = Mn,p,d, for the value of d which maximizes B2. Let Bp : Bv/-B~IB~. Find the 
maximum value of d -- dR for which Mn,p,d ~_ Bp. This has been used as an empirical evaluation 
of E(d). We call this the pragmatic estimate. It has been experimentally observed that this 
estimate closely matches the cost of the actual solutions returned by the GA. 
It is evident hat the computation of Mn,p,d takes O(n) time. For both the estimators this has 
to be computed for several values of d, which itself is bounded by n. Hence, the time complexity 
for computing these estimators i O(n2). 
4. EXPERIMENTATION 
The estimate has been tested for graphs of various sizes and for various edge probabilities. 
Vertex deletion being an NP-complete problem, it has been necessary to use a nonexact algo- 
rithm for finding the actual result to compare with the estimate. A genetic algorithm for vertex 
deletion [4] referred to here as ND-GA has been used. This algorithm itself has been observed 
to yield excellent results, finding optimal results for small graphs for up to 15 vertices, with test 
cases. Random graphs of the type Gn,p have been used for the experimentation. The test results 
for graphs of 10, 20, 30, 40, and 60 vertices and edge probabilities 0.082, 0.107, 0.154, 0.250, 
0.400, and 0.500 have been presented in Table 1. The first three probabilities have been cho- 
sen to reveal situations where the estimate performs most badly. In this table, the first column 
shows the number of vertices [V[, in the graph and the second column the edge probability p. 
For each (IV[,p) combination table, 30 random graphs of the type G(n,p) were generated. The 
third column is the lower bound (pessimistic) estimate, while the fourth column is the proposed 
(pragmatic) estimate. The last column is the actual deletion by ND-GA. We observe that the 
proposed pragmatic estimate comes very close to the deletion by ND-GA. 
5. CONCLUSION 
An empirical method has been used, using the model of random graphs, to estimate the number 
of vertices that must be deleted to make a graph bipartite. Based on this method two estimators 
have been developed, a pessimistic and a pragmatic estimator. Both the estimators have been 
subject to considerable experimentation. While the number of vertices to be deleted suggested 
by the pessimistic estimator is usually less compared to the number of vertices required to be 
deleted, the estimates generated by the pragmatic estimator are very close to the actual number 
of deletions. This suggests that the pragmatic estimator provides reliable estimates for the 
minimum number of vertices to deleted to render a graph bipartite. It may be noted that the 
actual vertices to be deleted are determined by a genetic algorithm (ND-GA) [4] developed for 
the vertex deletion problem. 
It would, therefore, be advisable to use the pragmatic estimator in conjunction with ND-GA, in 
"choose and solve" environments, where it is desirable to choose a set of vertex deletion problems 
from a possibly large set of problem instances and then solve them to determine the actual set 
of vertices to be deleted. 
Table I. 
ND-GA. 
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Comparison of the estimator against he number of vertices deleted by 
L.B. Proposed 
Est. Estimator 
0 0 
0 0 
0 0 
0 0 
2 2 
2 3 
4 4 
0 0 
0 1 
1 2 
4 5 
7 8 
9 10 
11 12 
0 1 
1 4 
4 7 
9 11 
14 16 
17 18 
20 21 
2 4 
4 7 
9 12 
16 18 
23 24 
26 27 
29 30 
8 13 
13 18 
21 25 
31 34 
40 42 
44 45 
48 49 
Number of Edge 
Vertices (n) Prob. (p) 
10 0.082 
10 0.107 
10 0.154 
10 0.250 
10 0.400 
10 0.500 
10 0.650 
20 0.082 
20 0.107 
20 0.154 
20 0.250 
20 0.400 
20 0.500 
20 0.650 
30 0.082 
30 0.107 
30 0.154 
30 0.250 
30 0.400 
30 0.500 
30 0.650 
40 0.082 
40 0.107 
40 0.154 
40 0.250 
40 0.400 
40 0.500 
40 0.650 
60 0.082 
60 0.107 
60 0.154 
60 0.250 
60 0.400 
60 0.500 
60 0.650 
aThe deletion in each line has been reported as the average obtained 
ND-GA on 30 individual random graphs of the type Gn,p. 
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